Abstract. In this paper, a complete Lie symmetry analysis of the damped wave equation with time-dependent coefficients is investigated. Then the invariant solutions and the exact solutions generated from the symmetries are presented. Moreover, a Lie algebraic classifications and the optimal system are discussed.
Introduction
It is well known that the symmetry group method plays an important role in the analysis of differential equations. The history of group classification methods goes back to Sophus Lie.
The first paper on this subject is [1] , where Lie proves that a linear two-dimensional secondorder PDE may admit at most a three-parameter invariance group. He computed the maximal invariance group of the onedimensional heat conductivity equation and utilized this symmetry to construct its explicit solutions. Nowadays symmetry reduction is one of the most powerful tools for solving nonlinear partial differential equations (PDEs), [2, 3, 4] . Recently, there have been several generalizations of the classical Lie group method for symmetry reductions. Ovsiannikov [5] developed the method of partially invariant solutions. His approach is based on the concept of an equivalence group, which is a Lie transformation group acting in the extended space of independent variables, functions and their derivatives, and preserving the class of partial differential equations under study. The nonlinear evolution equations are especially generated as a generalized and combined versions of the existing version of the well known equations like the Korteweg-de Vries (KdV) equations, Kadomtsev-Petviasvilli equations, Boussinesq equation, sine-Gordon equations and many more, [6] .
The Korteweg-de Vries equation, with power law nonlinearity and linear damping with dispersion has the following form
where a, b, c and l are arbitrary smooth functions of the variable t. In [6] , an exact solitary wave solution of the KdV equation with power law nonlinearity with time-dependent coefficients of the nonlinear as well as the dispersion terms is obtained. In addition, there are time-dependent damping and dispersion terms. The solitary wave ansatz is used to carry out the analysis. It is only necessary for the time-dependent coefficients to be Riemann integrable.
In [7] , the authors have investigated a exact solutions and Lie symmetries of the mKdV equation with time-dependent coefficients of (1.1), in special cases of a(t)
This paper is devoted a symmetry analysis for (1.1) equation. In the (1.1) equation, u t represents the evolution term, while a(t)u n u x is the power law nonlinearity, with n as the index of power law and b(t)u xxx is the dispersion term. Moreover, c(t)u is the linear damping while l(t)u x is the first order dispersion term, [6] . The special case where n = 1, is the KdV equation while for n = 2, (1.1) is known as the modified KdV equation. As an example, a particular form of (1.1) with a(t) = 6, n = 1, b(t) = 1 with c(t) = 0 and l(t) = −1/2t in investigated. Lie symmetry analysis, invariant solution and optimal system of this case is obtained. Generally, (1.1) is not integrable, for any arbitrary n, by the standard method of integrability of the nonlinear evolution equations, namely the Inverse Scattering Transform (IST) that is the nonlinear analog of Fourier Transform. It is only the special cases for n = 1 or 2, when IST is applicable.
Lie symmetry Methods

2.1.
Preliminaries. Let a partial differential equation contains p independent variables and q dependent variables. The one-parameter Lie group of transformations
where i = 1, . . . , p and α = 1, . . . , q. The action of the Lie group can be recovered from that of its associated infinitesimal generators. We consider general vector field
on the space of independent and dependent variables. Therefore, the characteristic of the vector field X given by (2.2) is the function
Let X be a vector field given by (2.2), and let Q = (Q 1 , . . . , Q q ) be its characteristic, as in (2.3). The n-th prolongation of X is given explicitly by
Here, J = (j 1 , . . . , j k ), with 1 ≤ k ≤ p is a multi-indices, and D i represents total derivative and subscripts of u are derivative with respect to the respective coordinates.
Theorem 2. [8]
A connected group of transformations G is a symmetry group of a differential equation ∆ = 0 if and only if the classical infinitesimal symmetry condition
holds for every infinitesimal generator X ∈ g of G.
Governing Equation.
In order to find Lie point symmetries of the partial differential equation (1.1), we consider one-parameter Lie group of transformations
under which (1.1) must be invariant. The group action is infinitesimally given by
where ξ = ∂x ∂ǫ ǫ=0 , τ = ∂t ∂ǫ ǫ=0 , and ϕ = ∂u ∂ǫ ǫ=0 . The action of the Lie group can be recovered from that of its associated infinitesimal generators. We consider general vector field
on the space of independent and dependent variables. We define the characteristic function Q = ϕ − ξu x − τ u t . Then the third order prolongation of the infinitesimal operator (2.9) can be express via the following prolongation formulas:
with coefficients
Here, J = (j 1 , j 2 , j 3 ) is a multi-indices, and D i represents total derivative and subscripts of u are derivative with respect to the respective coordinates.
Using theorem 2 and relation (2.6), we have
Since ξ, τ and ϕ only depend on x, t, u we can equate the individual coefficients to zero, leading to the complete set of determining equations:
The general solution to system of partial differential equations (2.13) is
where b, α, β, γ are arbitrary smooth functions with respect to t and η also is a smooth function with respect to x, t.
The cylindrical KdV equation
A particular form of (1.1) is a(t) = 6, n = 1, b(t) = 1 with c(t) = 0 and l(t) = −1/2t . In this case, (1.1) reduces to [9] 
Using the (2.9) vector field and its third prolong (2.10), we have
Solving (3.2) leads to following determining system
By solving (3.3) system with respect to ξ, τ and ϕ, we obtain
Therefore the infinitesimal generators are
with following commutation relations
Symmetry reductions and exact solutions
The invariants associated with the infinitesimal generator X 2 are obtained by integrating the characteristic equation
which generates the invariants
Substituting (4.4) into (3.1), to determine the form of the function g, the (3.1) is reduced to following third order ordinary differential equation
with respect to g and hereġ = dg dr . The characteristic equation associated with X 3 is
which generates the invariants x, 4 √ t exp(u). Then the similarity solution have the form
By substituting (4.4) into (3.1), to determine the form of the function f , the (3.1) is reduced to following third order ordinary differential equation
with respect to f and hereḟ = df dr .
For X 2 , the invariants associated are the arbitrary function h(t, u).
Optimal system
Let G be a Lie group, with g its Lie algebra. Each element T ∈ G yields inner automorphism is the optimal system of subalgebras of order s. The construction of the one-dimensional optimal system of subalgebras can be carried out by using a global matrix of the adjoint transformations as suggested by Ovsiannikov [5] . The latter problem, tends to determine a list (that is called an optimal system) of conjugacy inequivalent subalgebras with the property that any other subalgebra is equivalent to a unique member of the list under some element of the adjoint representation i.e.
h Ad(g) h for some g of a considered Lie group. Thus we will deal with the construction of the optimal system of subalgebras of g. The adjoint action is given by the Lie series
where s is a parameter and i, j = 1, · · · , n.
We can expect to simplify a given arbitrary element,
of the Lie algebra g. Note that the elements of g can be represented by vectors (a 1 , a 2 , a 3 ) ∈ R 3 since each of them can be written in the form (5.2) for some constants a 1 , a 2 , a 3 . Hence, the adjoint action can be regarded as (in fact is) a group of linear transformations of the vectors (a 1 , a 2 , a 3 ) . Theorem 3. An optimal system of one-dimensional Lie subalgebras associated to (3.5) infinitesimal generators is generated by
where a, b ∈ R are arbitrary constants.
Proof. Suppose that F If a 2 , a 3 = 0 then we can omit the coefficients of X 1 by setting s 2 = 3a 1 a 2 and s 3 = − 6a 1 7a 3 So, X is reduced to the case (1). But if a 2 , a 3 = 0, then X is reduced to the case (2). There is no any new case.
Conclusion
Lie point symmetries of the Korteweg-de Vries equation with power-law nonlinearity (1.1) in a particular form of is a(t) = 6, n = 1, b(t) = 1 with c(t) = 0 and l(t) = −1/2t, form a three dimensional Lie symmetry algebra. The invariant solution of these symmetries is reduced The optimal system of one-dimensional Lie subalgebras associated to this symmetry algebra is generated by two vector fields.
